ABSTRACT The aim of this paper is to develop a novel consensus ranking method that uses a mixed choice strategy for multiple criteria decision analysis (MCDA) under complex uncertainty based on Pythagorean fuzzy (PF) sets. The majority of MCDA methods have focused almost exclusively on ''criterion-specific'' choice tasks that are the tasks in which all alternatives are decomposed into distinct components and evaluated on specific criteria. However, in certain MCDA problems in practical applications, category-based choices tend to be more holistic in nature, especially in affective-like aspects. Therefore, this paper incorporates a mixed choice strategy (i.e., a combination of a category-based strategy and a criterion-specific strategy) into the core structure of the developed MCDA method. Furthermore, this paper utilizes the theory of Pythagorean fuzziness to provide a powerful modeling tool for complex and varied decision-making environments. Employing the developed concepts of a PF precedence index based on PF information and a disagreement indicator based on distances between rankings, this paper proposes a novel consensus ranking method by means of a comprehensive disagreement-based assignment model for addressing a mixed-choice-strategybased MCDA problem in the PF context. As an application of the proposed methodology, a real-world case study of a luxury car selection problem is investigated. The application results, along with a comparative analysis, demonstrate the practicality and effectiveness of the developed approach, which is capable of handling hybrid category-based and criterion-specific choice tasks and managing complex uncertainty in practical situations.
I. INTRODUCTION
In multiple criteria decision analysis (MCDA), preference decisions are made over a finite set of candidate alternatives that are characterized by a finite set of criteria [1] - [3] . The models and techniques for MCDA are diverse [4] , [5] . Even with this diversity, most MCDA methods are considered to be managerial decision aids that are used in evaluating competing alternatives that are defined by multiple criteria [1] , [4] - [6] . Nonetheless, a critical issue of the criterionspecific processing that is used in current, mainstream MCDA methods deserves attention and investigation. In a typical scenario, decision makers require a set of guidelines or decision rules for evaluating alternatives. These decision rules are the information-processing strategies that decision makers use in evaluating alternatives [7] , [8] . Traditionally, evaluative strategies are divided into category-based strategies and criterion-specific strategies [7] , [9] , [10] .
In some situations, real-world decisions do not involve direct comparisons of alternatives in terms of their features and attributes. Instead, they are based on emotional responses to the alternatives or overall impressions of the alternatives [11] . An alternative is not decomposed into distinct criteria, each of which is evaluated separately from the whole [12] , [13] . A category-based strategy involves evaluation of each alternative as a totality rather than individual assessments according to specified criteria. Such alternative evaluations require the development of a schema that is often represented by various aspects of the alternative so that decision makers can retrieve a set of associations as a whole from long-term memory [7] , [14] , [15] . More precisely, criteria indicate the features and attributes that are possessed by an alternative, such as performance components, factors, characteristics, and properties. In contrast, aspects represent general attitudes, summary impressions, intuitions, or combinations of these towards an alternative.
When are decision makers most likely to use categorybased processing? Consider brand evaluation in a consumer decision-making problem as an example. Consumers use category-based strategies when they have an overall image of the brand that they can readily call up from memory. On the other hand, decision makers frequently use categorybased processing as a means of simplifying complicated decisions. For example, consumers may simply decide to evaluate a few brands based on their overall brand images rather than exact comparisons of these brands on specific criteria. Therefore, the importance and functional significance of a category-based strategy cannot be ignored, as categorybased processing is common in real-life decision making. However, the majority of the existing MCDA methods are based on criterion-specific processing, which may result in inappropriate specification of the synthetic performance of competing alternatives in practical applications. This is the first motivation of this paper.
Most MCDA methods have been developed according to a criterion-specific strategy. A criterion-specific strategy requires a comparison of each alternative on specific criteria; then, decision makers decide which alternative to choose. However, the existing methods lack a coherent description of a mixed choice strategy. In general, decision makers do not seem to follow any single rule or strategy in evaluating and choosing from among alternatives. They probably do not have sufficient cognitive capacity to simultaneously integrate several cognitive evaluations of many alternatives with respect to various criteria. That is, compensatory integration processes are especially likely to exceed cognitive capacity limits [16] . Moreover, many problem-solving tasks in MCDA problems do not involve a single choice to which a single integration rule could be applied. Rather than a single integration strategy, decision makers are more likely to use a combination of processes in many problem-solving situations [15] . From this perspective, a hybrid approach is practically a necessity in addressing MCDA problems, since it permits the application of various choice strategies for flexible treatment and accommodates more-comprehensive scenarios in the real world. Lack of a coherent description of a mixed choice strategy (i.e., a combination of category-based strategies and criterion-specific strategies) in the existing MCDA methodology is the second motivation of this paper.
When decision makers follow a category-based strategy in the decision-making process, they usually have beliefs that are stored in memory about the relevant consequences of candidate alternatives with respect to evaluative aspects [16] . This implies that the aspectwise outranking relationships (possibly in ordering or ranking formats) among these competing alternatives can be determined via investigation techniques. By contrast, if a criterion-specific strategy is adopted, information search and precise assessments often become difficult and troublesome tasks, especially within a complex and changeable decision-making environment [4] , [17] . For most decisions, the information search is motivated by the decision maker's uncertainty about the performances of candidate alternatives on specific evaluative criteria.
In particular, numerous MCDA techniques require precise assessments of alternatives to process inter-and/or intracriterion comparisons. However, due to two human characteristics, namely, bounded rationality and limiting processing capacity, decision makers are not always certain about their specified assessments or preference information and they often have some degree of uncertainty [18] , [19] . More importantly, this critical issue also occurs in acquiring preference information about aspects during category-based processing and judgments. Namely, exact data may be difficult to precisely determine since human judgments are often vague in many practical circumstances [2] , [17] , [20] , [21] . Therefore, addressing imprecision or uncertainties in subjective judgments and evaluations becomes increasingly complex and important in managing MCDA problems [17] , [18] , [20] . Accordingly, extension to the fuzzy environment is a natural generalization of MCDA methods [6] , [22] .
The theory of fuzzy sets is a useful way to manage uncertainty or imprecision that arises from mental phenomena in decision making [21] , [22] . However, in practice, the evaluation of membership values may not always be certain [6] . More specifically, it is often difficult for decision makers to assign a precise performance rating to an alternative with respect to a criterion or an exact value of relative importance among criteria that are under consideration [23] , [24] . There may be some degree of hesitation between membership and nonmembership. Intuitionistic fuzzy sets, which were introduced by Atanassov [25] , are appropriate for addressing the problem of insufficient information. Furthermore, Yager [26] - [28] and Yager and Abbasov [29] introduced the concept of Pythagorean fuzzy (PF) sets, which are a generalization of Atanassov's intuitionistic fuzzy sets [30] , [31] . PF sets are related to the concepts of membership degree and nonmembership degree that satisfy the requirement that the square sum of the two degrees is equal to or less than one [32] - [35] . Zhang and Xu [36] presented a detailed mathematical expression for PF sets and put forward the concept of PF values. After the inception of PF sets, PF theory attracted substantial attention in the MCDA field, such as in induced averaging aggregation operators with interval Pythagorean trapezoidal fuzzy numbers [37] , group decision making using PF-dependent averaging operators [38] , aggregation VOLUME 6, 2018 operators that are based on hesitant PF sets [39] , generalized Pythagorean 2-tuple linguistic weighted Bonferroni mean operators [40] , a three-phase method for group decision making with PF values [41] , and a ranking function that is based on principal-value PF sets [42] . Due to decision makers' limited time, energy, and cognitive capacity, they seldom consider complete information or acquire every exact estimate of evaluative ratings. This implies that uncertain and imprecise assessments often occur in real-world MCDA situations and decision makers frequently deal with problems that involve highly vague or imprecise information [1] , [17] , [18] . PF sets can be used to model more-complex uncertainty within an intricate and volatile environment and to address troublesome issues that are associated with information search and imprecise assessments. Considering the complexity of a mixed-choice-strategy-based (MCS-based) MCDA problem, it would be very helpful to establish a new methodology by using PF theory to effectively overcome the aforementioned difficulties, which constitutes the third motivation of this paper.
As discussed above, critical issues exist in the current MCDA models and methods. First, the majority of current MCDA techniques ignore category-based processing. Second, most MCDA processes lack a coherent description of a mixed choice strategy. Third, modeling higher-order uncertainties is necessary in MCDA applications, especially for MCS-based problems. Aiming at addressing the foregoing motivational issues, the main objective of this paper is to develop an MCS-based consensus ranking method for addressing MCDA problems that involve PF information. The coexistence of category-based processing and criterionspecific processing is a common occurrence for real-world decisions. Uncertain and imprecise assessments of evaluation ratings and importance weights often occur in complex MCDA situations. PF sets are capable of modeling the uncertainty that exists in the preference structure and/or in the evaluation process. Because PF sets can quantify the ambiguous nature of subjective assessments in a convenient manner, they are powerful for solving MCDA problems within a highly complex environment. In particular, the consensus ranking method, which was proposed by Cook and Seiford [43] , employed the distance measure between rankings to determine the consensus ranking of experts. Teng and Tzeng [44] applied the consensus ranking method to uncover the ranking of minimal recognition differences from all experts. Tavana et al. [45] presented a sigmoid-function-based consensus ranking method for aggregating individual rankings to create an overall ranking representative of a group. Over the past few decades, the consensus ranking method has been used to acquire a consensus ranking from multiple experts. By extending the original approach, this paper presents a new MCS-based consensus ranking method that is based on PF sets for determining a compromise ranking of candidate alternatives in the PF context. Furthermore, this paper employs a hybrid of category-based strategies and criterion-specific strategies to establish the framework of an MCS-based MCDA problem and develops an innovative decision-making methodology that uses an effective consensus ranking method within the PF environment.
Consider an MCS-based MCDA problem in which the decision maker provides an ordinal ranking of a set of candidate alternatives in the category-based dimension and individual assessments of various criteria in the criterionspecific dimension. The problem is to determine a compromise or consensus ranking that best agrees with all the aspectwise and criterionwise outranking relationships. The key assumption of the problem is the existence of a measure of agreement or disagreement between rankings. This paper begins by presenting the useful concept of PF precedence indices when applying a criterion-specific strategy to the MCDA process. This paper employs a PF precedence index-based method to acquire the outranking relationships among competing alternatives. Next, this paper provides an approach to introducing a disagreement indicator for the set of combined precedence rankings (which consists of aspectwise and criterionwise rankings). Based on a comprehensive disagreement-based assignment model, this paper develops a consensus ranking method; then, the optimal consensus ranking will be determined as that which minimizes the comprehensive disagreement value. As a useful application of the proposed methodology, this paper conducts a real-world case study in which an automobile evaluation problem for luxury fashion brand consumers is investigated. The application results, along with a comparative analysis, demonstrate the practicality and effectiveness of the MCS-based consensus ranking method.
The remainder of this paper is organized as follows: Section II introduces basic concepts of PF sets. Section III proposes an appropriate structure for representing MCDA problems that is based on a mixed choice strategy within the PF environment. Section IV presents the useful concept of PF precedence indices and investigates their desirable properties. Furthermore, this section establishes a comprehensive disagreement-based assignment model and develops an MCS-based consensus ranking method for managing MCDA problems that involve PF information. Section V applies the developed methodology to an automobile evaluation problem for luxury cars. The application results, along with a comparative discussion, demonstrate the feasibility and applicability of the developed approach. Finally, Section VI presents the conclusions. Additionally, Section VII provides the implication and future research suggestions.
II. BASIC COCEPT OF PF SETS
This section briefly reviews basic concepts that are related to PF sets and used throughout this article.
Definition 1 [36] : A PF set P is defined as a set of ordered pairs of membership and nonmembership in a finite universe of discourse X and is expressed as follows:
79176 VOLUME 6, 2018 which is characterized by the degree of membership µ P : X → [0, 1] and the degree of nonmembership ν P : X → [0, 1] of the element x ∈ X to the set P with the condition:
Let p = (µ P (x), ν P (x)) denote a PF value. The degree of indeterminacy relative to P for each x ∈ X is defined as follows:
Definition 2 [18] , [20] , [30] , [31] , [36] : Let p 1 = (µ P 1 (x), ν P 1 (x)) and p 2 = (µ P 2 (x), ν P 2 (x)) be two PF values in X . The distance between p 1 and p 2 is defined as follows:
It is noted that the distance D(p 1 , p 2 ) is a metric because it satisfies four mathematical properties of reflexivity, symmetry, separability, and triangle inequality based on the proving results in [18] .
Definition 3 [20] , [30] , [31] , [36] , [37] ; Let p 1 , p 2 , and p be three PF values in X , and let α ≥ 0. Several basic operations are defined as follows:
III. FRAMEWORK FOR AN MCS-BASED MCDA PROBLEM
This section establishes a novel framework for combining category-based processing and criterion-specific processing procedures and formulates an MCS-based MCDA problem in the PF decision context. In real-world MCDA problems, the category-based and criterion-specific dimensions, along with the corresponding aspects and criteria, respectively, can be appropriately identified according to decision makers' experiences and opinions. As mentioned before, decision-making tasks can be generally conducted by either one of two different evaluative strategies (i.e., category-based and criterion-specific) [7] , [9] , [10] , which depend on the cognitive-like and affective-like manners used when decision makers process applicable information. More specifically, the cognitive-like component represents the knowledge and perceptions of the features of an alternative. Decision makers consider that each candidate alternative possesses various attributes and that specific choice will lead to specific outcomes. In contrast, the affective-like component reflects emotions and feelings regarding candidate alternatives, which are considered overall evaluations, because they capture decision makers' global assessments of each alternative. Analysts or researchers can conduct in-depth interviews or perform other survey techniques to capture decision makers' responses. The cognitivelike responses lead to criterion-specific processing with respect to evaluative criteria, whereas the affective-like responses elicit category-based processing with respect to evaluative aspects. Findings from investigation results can be used to designate the category-based and criterion-specific dimensions and to further formulate the framework of MCDA problems that involve a mixed choice task. In particular, evaluative aspects belong to the category-based dimension, and decision makers use them to differentiate among alternatives. Evaluative criteria belong to the criterion-specific dimension, and decision makers use them to judge the merits of competing alternatives.
Consider an MCS-based MCDA problem in which Z = {z 1 , z 2 , · · · , z m } is a finite set of m (m ≥ 2) candidate alternatives and G = A ∪ C (A ∩ C = ∅) is the collection of the category-based and criterion-specific dimensions. In particular, A = {a 1 , a 2 , · · · , a n } is a finite set of n (n ≥ 1) evaluative aspects in the category-based dimension, and C = {c n +1 , c n +2 , · · · , c n } is a finite set of n − n (n ≥ 1 + n ) evaluative criteria in the criterion-specific dimension, where n and n are positive integers. Both n = 0 and n − n = 0 must hold in an MCS-based problem. The main reason is that an MCDA problem would become a purely ''criterionspecific'' or ''category-based'' choice task if n = 0 or n − n = 0, respectively. The framework of the MCDA problem that is under study can be concisely expressed as a fourlayer hierarchical structure, as shown in Figure 1 . The first level indicates the overall goal that is specified by the decision maker for a specific MCS-based MCDA problem. Next, the overall goal is decomposed into the category-based and criterion-specific dimensions, as shown in the second level. Accordingly, following this principal, the lower levels are divided into several aspects (for the category-based dimension) or criteria (for the criterion-specific dimension). The last level consists of the candidate alternatives to be evaluated. The decision maker's preferences regarding evaluative items (e.g., aspects or criteria) are frequently expressed as linguistic terms that express the vagueness and uncertainty in real-life situations [32] , [46] . These uncertain, vague and hesitant judgments can be described more comprehensively by using the PF representation in complex circumstances. More precisely, the grades of relative importance among the aspects/criteria can be conveniently realized with the use of linguistic scales and effectively transformed into PF information. Chen [18] employed a midpoint approach to modify Peng and Yang's [47] proposed interval-valued PF scales for the purpose of providing five-and seven-point rating systems to transform the linguistic terms into PF values. According to such rating systems, the importance weights of criteria can be conveniently expressed as PF information via the transformation of the collected linguistic data. Let a PF value w j = (ω j , j ) denote the importance weight of aspect
The category-based processing procedure is employed to capture that decision makers try to form an overall favorable evaluation (i.e., appealing to the affective component) without reference to particular attributes or features [7] , [8] , [14] . Namely, a category-based strategy, which requires relatively little cognitive information processing, evaluates each alternative as a totality based on decision makers' emotional responses [11] , [48] . In contrast, the criterion-specific processing procedure is utilized to handle that decision makers provide detailed information that is organized around specific alternative outcomes (i.e., appealing to the cognitive component) [11] , [14] , [48] . Namely, a criterion-specific strategy requires extensive thought and cognitive processing, and is typically employed in situations where the alternative is decomposed into distinct criteria and is evaluated separately with regard to each criterion [12] , [13] , [48] . The relevant definitions related to criterion-specific processing are introduced below.
In the criterion-specific dimension, the evaluative rating of an alternative z i ∈ Z (i ∈ {1, 2, · · · , m}) with respect to a criterion c j ∈ C (j ∈ {n + 1, n + 2, · · · , n}) is also expressed as a PF value p ij = (µ ij , ν ij ), such that µ ij ∈ [0, 1], ν ij ∈ [0, 1], and 0 ≤ (µ ij ) 2 + (ν ij ) 2 ≤ 1. In particular, µ ij and ν ij represent the degrees to which z i performs well and poorly, respectively, on c j . The indeterminacy degree that corresponds to each p ij is expressed as π ij = 1 − (µ ij ) 2 − (ν ij ) 2 . The PF decision matrix P for the criterion-specific dimension in an MCS-based MCDA problem within the PF environment can be concisely expressed as follows:
For the category-based dimension, there is no need to decompose alternatives into distinct features or components for individual assessments. Instead, the decision maker is based on emotional responses to the alternative or overall impressions of the alternative to evaluate each alternative as a totality with respect to a specific aspect. In general, category-based choice tasks that are heavily emotional involve less cognitive thought and less focus on criteria of alternatives [11] . General attitudes, summary impressions, intuitions, or combinations of these towards alternatives tend to dominate [16] . If the decision maker frames the decision-making problem as a category-based choice task, the problem-solving process would tend to focus on evaluative aspects and involve evaluation of each alternative as a totality. In many cases, the decision maker actually uses evaluative aspects to differentiate among alternatives [8] , [11] , [16] . That is, the decision maker relies on various mental shortcuts, such as general attitudes and summary impressions, to engage affective-like decision making and differentiate among competing alternatives [7] , [8] , [14] , [15] . A semantic differential scale, which has bi-polar adjectives (e.g., ''good'' or ''bad,'' ''favorable'' or ''unfavorable'') as anchors and asks the decision maker to rate on a continuum, is often used to capture global assessments of candidate alternatives [48] , [49] . Another frequently used measure of the decision maker's emotional responses or overall impressions of alternatives is a Likert scale [48] . The Likert scale consists of an equal number of agreement/disagreement choices on either side of a neutral choice [49] , [50] . The scale is used to assess the extent to which the decision maker rates the candidate alternative as good/bad or favorable/unfavorable.
When applying a category-based strategy to the MCDA process, the appropriate scales for data collection are semantic differential scales and Likert scales. The precedence ranking orders of alternatives with regard to a specific aspect can be differentiated based on the descending order of the global assessments via these scales. That is, the semantic differential scale and the Likert scale can help the decision maker to rank or sort alternatives in order of preference in terms of evaluative aspects. Let r a ij denote the precedence rank of an alternative z i ∈ Z (i ∈ {1, 2, · · · , m}) in terms of aspect a j ∈ A (j ∈ {1, 2, · · · , n }), where 1 ≤ r a ij ≤ m. In particular, the precedence ranks 1 and m are assigned to the most preferred and least preferred alternatives, respectively, with respect to a j . The category-based processing requires only ordering or ranking information among competing alternatives and not necessarily linear ranking of the alternatives. When a tie occurs among the aspectwise precedence ranks, an average rank should be assigned to the tied alternatives. For example, when three alternatives are tied for the second rank, a precedence rank of 3 (=(2+3+4)/3) should be assigned. In this way, the rank evaluation matrix R a for the category-based dimension in an MCS-based MCDA problem can be established as follows:
where 1 ≤ r a ij ≤ m and Figure 2 highlights the required data when applying the category-based processing and criterion-specific processing procedures. Simply stated, the category-based processing procedure requires information on the preferences among aspects and the (partial) ordering or ranking information on the outranking relationships among alternatives. These aspectwise outranking relationships are ordinal and take the form of ordering or ranking formats, as expressed in the rank evaluation matrix R a . The criterion-specific processing procedure requires information on the preferences among criteria and the evaluative ratings of alternatives with respect to criteria. These evaluative ratings are cardinal and take the form of PF values, as presented in the PF decision matrix P. Additionally, the information on preferences among aspects/criteria can be explicitly obtained by using a linguistic rating system and represented as the importance weights of aspects/criteria. These importance weights are cardinal and take the form of PF values.
IV. PROPOSED METHODOLOGY
First, this section proposes a useful PF precedence-indexbased method for establishing the outranking relationships among competing alternatives with respect to each criterion in the criterion-specific dimension. Next, this section establishes a novel assignment model that is based on the ranking results of aspectwise and criterionwise outranking relationships and develops an MCS-based consensus ranking method within the PF environment.
A. CONCEPT OF PF PRECEDENCE INDICES
This subsection introduces the novel concept of PF precedence indices and investigates their desirable properties. The developed concept is motivated by the concepts of the inferior ratio [51] and revised closeness [36] .
As discussed earlier, in the category-based dimension, the aspectwise outranking relationships can be determined via investigation techniques using a semantic differential scale or a Likert scale. Nevertheless, the criterionwise outranking relationships cannot be explicitly determined because of the complexity of PF evaluative ratings in the criterionspecific dimension. Thus, this paper presents a useful measure of PF precedence indices for acquiring criterionwise outranking relationships among alternatives. Before defining the PF precedence index, it is necessary to introduce a lattice in the PF context. Deschrijver and Kerre [52] defined a complete lattice as a partially ordered set (L, ≤ L ) such that each nonempty subset of L = [0, 1] has a supremum and an infimum. Based on (L, ≤ L ), Chen [18] introduced an extended concept of the lattice (L PF , ≤ L PF ) in PF settings.
Definition 4 [18] : Let p ij , p i j , and p i j be three PF evaluative ratings in the PF decision matrix P. The lattice (L PF , ≤ L PF ) is defined as follows:
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with the partial order ≤ L PF , which is defined as follows:
The top and bottom elements of (L PF , ≤ L PF ) are (1,0) and (0,1), respectively. In many real-world situations, decision makers tend to anchor their subjective judgments with points of reference when they make assessments and compare performances on criteria among competing alternatives. Such a disposition of anchored judgments can be conveniently realized via the use of (1,0) and (0,1), because they are the largest and smallest PF values for the lattice (L PF , ≤ L PF ). Let p * j = (µ * j , ν * j ) = (1, 0) and p #j = (µ #j , ν #j ) = (0, 1) denote the positive-ideal and negative-ideal PF values, respectively, with respect to a criterion c j ∈ C, where π * j = π #j = 0. Employing p * j and p #j can facilitate anchored judgments in the decision-making process. This paper proposes the new concept of PF precedence indices for measuring the extent to which a PF evaluative rating p ij is simultaneously close to p * j and far away from p #j in terms of each c j . However, the p ij that has the shortest distance from p * j is not the farthest from p #j . While attempting to overcome such difficulties, this paper provides a useful measure, which is denoted as ξ (p ij ), that is established in a manner that is based on Hadi-Vencheh and Mirjaberi's [51] inferior ratio and Zhang and Xu's [36] revised closeness. Without loss of generality, this paper assumes that ν ij = ν #j (= 1) for at least one z i ∈ Z with respect to each c j ∈ C. Moreover, assume that µ ij = µ * j (= 1) for all z i ∈ Z and c j ∈ C.
Definition 5: Let p ij be a PF evaluative rating in the PF decision matrix P. Let p * j and p #j represent the positive-ideal PF value and the negative-ideal PF value, respectively, that correspond to each criterion c j in P. A measure ξ (p ij ) of p ij is defined as follows:
The measure ξ (p ij ) is non-negative and has the minimal value 0. Moreover, the smaller the ξ (p ij ) value is, the better the p ij is. More precisely, the proposed ξ measure reflects a balance between the shortest distance from p * j and the farthest distance from p #j ; as a result, it can underlie anchored judgments in the decision maker's subjective judgment and evaluation process. The smaller D(p ij , p * j ) is, the better PF evaluative rating p ij is. The p ij that satisfies 
is the farthest away from p #j among all z i ∈ Z . Once again, this p ij may not always be the closest to p * j . According to the previous discussion, the PF evaluative rating that is closest to p * j does not concur with the one that is farthest from p #j . The developed ξ measure in Definition 5 provides a means to satisfy the conditions
as much as possible. Thus, the ξ measure can facilitate the determination of PF precedence indices.
Remark 1: The measure ξ (p ij ) of p ij can be calculated in the following way:
Proof: See Part A in the Appendix. Theorem 1: Let p ij , p i j , and p i j be three PF evaluative ratings in the PF decision matrix P, where
The measure ξ (p ij ) satisfies the following properties:
Proof: See Part B in the Appendix. Notably, the ξ (p ij ) values for all c j ∈ C do not have a consistent upper bound in most situations. The main reason is that the maximal possible values of ξ (p ij ) frequently differ among n − n criteria. The lack of consistent upper bounds results in confusing judgments because the decision maker may not find any true meaning in comparing the ξ (p ij ) values over all the criteria. To address this issue, this paper suggests that a standardized value be employed instead of the original ξ measure. Precisely, the value of max m i =1 ξ (p i j ) can be regarded as the upper bound of the ξ (p ij ) values for all c j ∈ C. That is, the standardized value is defined as the ratio of ξ (p ij ) to max m i =1 ξ (p i j ). Furthermore, based on the standardized value of ξ (p ij ), the concept of PF precedence indices and their desirable properties can be developed correspondingly. The PF precedence index can measure the extent to which p ij is simultaneously close to p * j and far away from p #j . Thus, the criterionwise outranking relationships among alternatives can be clearly determined by comparing PF precedence indices.
Definition 6: Let p ij be a PF evaluative rating in the PF decision matrix P. Based on the ξ measure, the PF precedence index of p ij is defined as follows:
Theorem 2: Let p ij , p i j , and p i j be three PF evaluative ratings in the PF decision matrix P.
The PF precedence index of p ij satisfies the following properties:
Proof: See Part C in the Appendix. The PF precedence index I (p ij ) measures the extent to which p ij is simultaneously close to the positive-ideal PF value p * j and far away from the negative-ideal PF value p #j with respect to a criterion c j . The larger the I (p ij ) value is, the better the performance on the assessment result is and the greater the preference is for p ij . Precisely, the condition I (p i j ) > I (p i j ) indicates that p i j is better than p i j or that z i is preferred over z i with respect to c j , whereas I (p i j ) < I (p i j ) indicates that p i j is worse than p i j or that z i is less preferred than z i in terms of c j . The condition I (p i j ) = I (p i j ) implies indifference between p i j and p i j or z i and z i with regard to c j . Accordingly, the criterionwise outranking relationships among competing alternatives can be effectively determined in descending order of the I (p ij ) values.
B. MCS-BASED CONSENSUS RANKING METHOD
This subsection extends the applicability of the distance measure between rankings and proposes a disagreement indicator by considering the PF importance weights and the combined precedence ranks. Furthermore, a comprehensive disagreement-based assignment model is established for determining the optimal consensus ranking to address an MCS-based MCDA problem. Before introducing the concept of disagreement indicators, it is necessary to identify criterionwise outranking relationships and combine the precedence rankings that are obtained via category-based processing and criterion-specific processing. As demonstrated in the previous theorems, the PF precedence index I (p ij ) possesses useful and desirable properties. Thus, for the criterion-specific VOLUME 6, 2018 dimension, the PF precedence indices can facilitate the establishment of criterionwise outranking relationships. 
Based on the outranking relationships that are obtained from Definition 7, the precedence ranks in terms of each criterion can be determined with the aid of PF precedence indices. Let r c ij denote the precedence rank of an alternative
If a tie occurs among the criterionwise precedence ranks, an average rank should be assigned to the tied alternatives. In this way, the rank evaluation matrix R c for the criterion-specific dimension in an MCS-based MCDA problem is constructed as follows:
where 1 ≤ r c ij ≤ m and
Incorporating the rank evaluation matrices R a and R c in the category-based and criterion-specific dimensions, respectively, the combined rank evaluation matrix R is established as follows:
where the combined precedence rank r ij is defined by:
Moreover, 1 ≤ r ij ≤ m and
The consensus ranking is the ranking that is in best agreement with the investigated rankings based on aspectwise outranking relationships and the derived rankings based on criterionwise outranking relationships. Such a consensus ranking can provide an objective criterion for arriving at a compromise among all precedence ranks in the combined rank evaluation matrix R. Assume that the decision maker assigns equal importance among all the aspects and criteria. For the combined precedence rank r ij of an alternative z i for all c j ∈ C, the following absolute distance can be used to measure the degree of discordance for z i to become the k-th overall rank:
The consensus ranking is the ranking that minimizes the total absolute distance
n j=1 r ij − k ). However, not all aspects/criteria are likely to be considered equally important. To reflect the relative importance of various aspects/criteria, this paper incorporates the PF importance weights into the distance measure between the rankings and further develops the new concept of disagreement indicators. Motivated by the concept of a comprehensive discordance indicator, which was introduced by Wang and Chen [53] , the disagreement indicator is defined as the weighted sum of the absolute distances between the combined precedence rank r ij and the k-th rank. Analogous to the proofs via mathematical induction in [17] and [53] , the calculation of the proposed disagreement indicator can be performed in a more effective manner, as demonstrated in Theorem 3.
Definition 8: Let r ij denote the combined precedence rank of an alternative z i ∈ Z according to an aspect a j ∈ A or a criterion c j ∈ C. Let w j (= (ω j , j )) be the PF importance weight of a j or c j . The disagreement indicator d k i for z i to become the k-th overall rank is defined as follows:
Theorem 3: The disagreement indicator d k i is a PF value that can be computed in the following way:
Proof: See Part D in the Appendix. In general, a classical MCDA problem relates to the set of complete rankings of competing alternatives that can be represented by a mathematical programming formulation, such as an assignment model. For ease of representation, the concept of a permutation matrix (as defined in (24)) is introduced for solving the consensus ranking optimization problem via a suited mathematical programming formulation. A novel comprehensive disagreement indicator (as described in Definition 9) is also presented for the use in an optimizing criterion that depends on the permutation matrix. Next, based on this indicator, a representation of the assignment problem (as shown in [M1]) can be established to derive the consensus ranking as the optimal ranking. Nevertheless, this assignment problem is not computable in practice. To overcome the aforementioned difficulty, this study provides an intuitive and interpretable measure of the comprehensive disagreement value (as presented in Definition 10) and discussed some desirable properties possessed by this new measure (as proved in Theorem 5). The employment of this measure is useful in the computation of the consensus via an effective comprehensive disagreement-based assignment model (as indicated in [M2] or [M3]).
To facilitate modeling, let ψ k i be a binary variable that is restricted to either 0 or 1. Let denote a permutation matrix whose element ψ k i = 1 if z i is assigned to rank k; otherwise, ψ k i = 0. is expressed as follows: 1st 2nd · · · m-th
where m k=1 ψ k i = 1 (i.e., z i should be assigned to only one rank in the consensus ranking) and
, a specified rank k should only have one alternative assigned to it).
Definition 9: The consensus ranking in an MCS-based MCDA problem is the ranking that minimizes the following comprehensive disagreement indicator:
Theorem 4: The comprehensive disagreement indicator d is a PF value that can be computed as follows:
Denote d = (δ, σ ) for brevity.
Proof: See Part E in the Appendix. Based on the developed indicator d, this paper constructs a comprehensive disagreement-based assignment model for arriving at a consensus ranking of alternatives to create an overall rank with as little difference from all combined precedence ranks as possible. To determine the optimal consensus ranking that yields the smallest value of
, one considers the following representation of the assignment problem [M1]:
Definition 10: The comprehensive disagreement value S(d) of the comprehensive disagreement indicator d(= (δ, σ )) is computed as follows: 
Proof: See Part G in the Appendix. Using the comparable ordinary number S(d), this paper can resolve the solution difficulty in [M1] in a simpler and more convenient way. Moreover, S(d) can measure the extent of the overall disagreement with the consensus ranking. More specifically, the smaller the degree of disagreement that is indicated by S(d) is, the greater the concordance will be from assigning the m alternatives to current overall ranks. The decision maker should choose m elements in the permutation matrix to assign an overall rank to each alternative. This task can be effectively accomplished by establishing the following comprehensive disagreement-based assignment
Model [M2], which has a minimal objective function, is equivalent to the following model [M3], which has a maximal objective function: , one can obtain the optimalψ k i for all i, k ∈ {1, 2, · · · , m}. Accordingly, the optimal permutation matrixˆ can be acquired. Next, the optimal consensus ranks of the m alternatives can be determined by multiplying Z by the optimal permutation matrixˆ , as follows:
The optimal consensus ranking yields the smallest value of S(d) and the largest value of 2(1 − S(d)) when applying models [M2] and [M3], respectively. The proposed comprehensive disagreement-based assignment model can be employed to effectively cope with an MCS-based MCDA problem under complex uncertainty based on PF sets.
C. ALGORITHMIC PROCEDURE
In this subsection, the proposed MCS-based consensus ranking method is presented for determining the optimal consensus ranking among candidate alternatives under complex uncertainty based on PF sets. To facilitate understanding of the grand scheme and its corresponding systematic procedure, Figure 3 presents a flowchart of the proposed methodology.
The developed approach to addressing uncertain MCDA problems that involve PF information is comprised of three phases: formulating an MCS-based MCDA problem in a PF setting, identifying the combined rank evaluation matrix based on aspectwise and criterionwise outranking relationships, and solving the comprehensive disagreement-based assignment model. Based on the desirable properties in the previous theoretical developments, the algorithmic procedure of implementing the three phases can be effectively summarized in the following steps:
Steps 1 and 2 (Problem Formulation):
Step 1: Formulate an MCS-based MCDA problem with the set of alternatives Z = {z 1 , z 2 , · · · , z m }, the set of aspects A = {a 1 , a 2 , · · · , a n } based on the affective-like manner, and the set of criteria C = {c n +1 , c n +2 , · · · , c n } based on the cognitive-like manner, where A ∩ C = ∅ and A ∪ C = G (i.e., the collection of category-based and criterion-specific dimensions).
Step 2: Establish the PF importance weight w j for aspect a j ∈ A (j ∈ {1, 2, · · · , n }) and criterion c j ∈ C (j ∈ {n + 1, n + 2, · · · , n}). Construct the rank evaluation matrix R a = [r a ij ] m×n and the PF decision matrix P = [p ij ] m×(n−n ) for the category-based and criterion-specific dimensions, respectively.
Steps 3-5 (Identification of the Combined Rank Evaluation Matrix):
Step 3: Employ (16) and (17) to compute the measure ξ (p ij ) and the PF precedence index I (p ij ), respectively, for each p ij in P.
Step 4: Identify the criterionwise outranking relationships among all z i according to the descending order of the I (p ij ) values with respect to each c j , where an average rank is assigned if a tie occurs. Construct the rank evaluation matrix R c = [r c ij ] m×(n−n ) for the criterion-specific dimension.
Step 5: Apply (19) to establish the combined rank evaluation matrix R = [r ij ] m×n , where the combined precedence rank r ij is determined by (20) .
Steps 6-8 (Solution of the Comprehensive DisagreementBased Assignment Model):
Step Step 8: Solve for the optimal permutation matrixˆ . Employ (32) to determine the optimal consensus ranks of the m alternatives.
V. CASE STUDY
This section presents a real-world case study of a luxury car selection problem for luxury fashion brand consumers. To illustrate the developed techniques, this section attempts not only to demonstrate useful theoretical insights from the proposed methodology but also to evaluate its applicability and effectiveness in practice. Moreover, a comparative analysis is conducted to examine its flexibility and advantages relative to other approaches.
A. PRACTICAL APPLICATION
Luxury products are becoming more popular in global markets [54] , [55] . In general, luxury fashion brand consumers can be divided into three groups based on their attitudes toward luxury: (i) luxury is functional (they use money to buy things that will last and have enduring value); (2) luxury VOLUME 6, 2018
is a reward (they use money to buy things that say ''I made it!''); and (iii) luxury is an indulgence (they use money to buy lavish things) [8] . Luxury products enable such consumers to satisfy psychological and functional needs [8] , [56] , [57] . In addition to direct comparisons of alternatives in terms of their features and attributes, luxury fashion brand consumers often make decisions based on their emotional responses or overall impressions to the alternatives. Because luxury consumption involves cognitive-like and affective-like responses, this paper attempts to investigate a real-world case study concerning luxury consumption for establishing the efficacy of the proposed methodology.
This paper presents a practical application of the proposed MCS-based consensus ranking method to address a luxury car selection problem for luxury fashion brand consumers based on the PF environment. Luxury cars are automobiles that deliver luxury with enjoyable, pleasant, desirable, or advantageous features beyond strict necessity at increased expense [56] . It is necessary and significant to study luxury car selection due to the increase in popularity of luxury consumption in the automotive industry, especially in the global context [58] . Moreover, it is critically important for luxury researchers and marketers to understand what consumers believe, think, conceive, and feel luxury is and how their perception of luxury value impacts their evaluation and decision-making behavior, which motivates consumers to select one luxury car over another [56] , [59] . For this reason, in this case study, the proposed methodology is applied to investigate the selection problem of luxury cars.
The case study considers five candidate alternatives, three evaluative aspects, and four evaluative criteria. Based on Step 1, the set of alternatives is denoted by Z = {z 1 , z 2 , · · · , z 5 }, where m = 5 and z i represents the i-th luxury car. To carefully evaluate these five alternatives, the consumer (i.e., decision maker) considers three aspects and four criteria: conspicuous value (a 1 ), uniqueness value (a 2 ), hedonic value (a 3 ), quality (c 4 ), reliability (c 5 ), technology (c 6 ), and flexibility (c 7 ). Table 1 lists the conceptual definitions of these evaluative aspects/criteria. The definitions of a 1 -a 3 are adapted from Sari and Kusuma [56] and Vigneron and Johnson [57] and the definitions of c 4 -c 7 are modified from Apak et al. [59] . The set of aspects in the category-based dimension is denoted by A = {a 1 , a 2 , a 3 }, where n = 3. Moreover, in the criterionspecific dimension, the set of criteria is denoted by C = {c 4 , c 5 , c 6 , c 7 }, where n = 7. Accordingly, the collection of the category-based and criterion-specific dimensions is G = {a 1 , a 2 , a 3 , c 4 , c 5 , c 6 , c 7 }. The MCS-based MCDA problem for luxury car selection is defined by five luxury cars and seven aspects/criteria for evaluating the alternatives.
In Step 2, the decision maker's preferences regarding evaluative aspects and criteria were expressed using a seven-point linguistic scale that was proposed by Chen [18] . It is difficult and troublesome to construct membership functions when applying PF theory in practice. In this regard, Chen [18] provided five-point and seven-point PF linguistic scales for evaluations. Because the seven-point scale is more sensitive than the five-point scale, in this case study, the decision maker's subjective preferences were represented using the seven-point scale. As indicated in Table 1 , the obtained linguistic importance ratings are as follows: extremely high for a 1 , low for a 2 , very low for a 3 , very high for c 4 , high for c 5 , medium for c 6 , and very low for c 7 . By using Chen's seven-point scale [18] to transform the linguistic terms into PF values, the PF importance weights of the seven aspects/criteria were acquired as follows: The specified PF importance weight w j of each of the seven aspects/criteria satisfies ω j + j ≤ 1, which is the restriction for an intuitionistic fuzzy value. As discussed previously, PF sets are a generalization of intuitionistic fuzzy sets. An intuitionistic fuzzy value is also expressed as a pair of membership and nonmembership degrees (ω j , j ) such that 0 ≤ ω j + j ≤ 1, where ω j , j ∈ [0, 1]. One can easily show that (ω j ) 2 ≤ ω j and ( j ) 2 ≤ j . Hence, if ω j + j ≤ 1, then (ω j ) 2 + ( j ) 2 ≤ 1 holds. Therefore, an intuitionistic fuzzy value is also a PF value; however, a PF value is not necessarily an intuitionistic fuzzy value. PF values are all points under the line (ω j ) 2 + ( j ) 2 ≤ 1, whereas intuitionistic fuzzy values are all points under the line ω j + j ≤ 1. Accordingly, the space of PF values is larger than that of intuitionistic fuzzy values. As a result, PF sets can not only depict uncertain information, which Atanassov's intuitionistic fuzzy sets can capture but also model more imprecise and ambiguous information, which the latter cannot describe. PF values allow lack of commitment and uncertainty in assigning the degrees of membership and nonmembership. The strength and direction of the commitment of PF values are a unique feature of PF sets [26] - [29] . It follows that PF sets possess superior ability to handle imprecise and ambiguous information in real-world applications. Therefore, the case study takes advantage of the feature of PF sets to represent the importance weights of the seven aspects/criteria.
Next, consider the category-based dimension. Based on the decision maker's general attitudes and summary impressions about the five luxury cars via a semantic differential scale or a Likert scale, the following preference rankings with respect to each aspect were acquired:
for a 2 , and z 5 z 1 z 2 ∼ z 3 ∼ z 4 for a 3 . No tied alternatives were found in terms of a 2 . With respect to a 1 , z 3 and z 5 are tied for the second rank and z 1 and z 2 are tied for the fourth rank. Thus, a precedence rank of 2.5 (=(2+3)/2) was assigned to z 3 and z 5 . Moreover, a precedence rank of 4.5 (=(4+5)/2) was assigned to z 1 and z 2 . With respect to a 3 , the three alternatives, namely, z 2 , z 3 , and z 4 , are tied for the third rank. Hence, a precedence rank of 4 (=(3+4+5)/3) was assigned to z 2 , z 3 , and z 4 . Therefore, the rank evaluation matrix R a was constructed as follows: 
It is clear that 5
i=1 r a ij = 15 for all j ∈ {1, 2, 3}. For the criterion-specific dimension, based on the decision maker's product knowledge and subjective assessments, the PF decision matrix P was established as follows: 
In
Step 3, the calculated results of the measure ξ (p ij ) and the PF precedence index I (p ij ) for i ∈ {1, 2, · · · , 5} and j ∈ {4, 5, 6, 7} are listed in the top and middle parts, respectively, of Table 2 . Consider ξ (p 54 ) and I (p 54 ), for example. Applying (16) and (17), one obtains: 
Step 4, based on the descending order of the I (p ij ) values, the criterionwise outranking relationships among the five alternatives were obtained, as listed in the bottom part of Table 2 . An average rank of 3.5 (=(3+4)/2) was assigned to z 2 and z 5 because they tied for third place for criterion c 7 . For the criterion-specific dimension, the rank evaluation matrix R c was constructed as follows: In
Step 5, according to (20) , the combined precedence rank r ij is determined as follows:
r ij = r a ij for j ∈ {1, 2, 3}, r c ij for j ∈ {4, 5, 6, 7}. Correspondingly, the combined rank evaluation matrix R was established as follows: 
Step 6, a permutation matrix with entry ψ k i ∈ {0, 1} for each i, k ∈ {1, 2, · · · , 5} was defined as follows:
Step 7, based on model [M2], the comprehensive disagreement-based assignment model with a minimal objective function was constructed as follows: Consider i = 2 and k = 5 as an example:
2 ) |r 27 −5| ) The following maximal objective function should replace the minimal objective function above when the equivalent model [M3] is utilized: 
From the above, the optimal consensus ranking of the five alternatives is z 3 z 2 z 1 z 4 z 5 , which has the least disagreement with all the combined precedence rankings (which consist of aspectwise and criterionwise rankings) of the alternatives. Moreover, the third luxury car (z 3 ) is the best choice.
Sometimes, the decision maker would like to capture every detail of the goodness of fit (or poorness of fit) of assigning a specific overall precedence rank to each alternative. It is suggested that the concept of the modified score function S in Definition 10 be employed to this end. More specifically, the value of 1 − S(d k i ) can be used to measure the goodness of fit for z i to become the k-th overall rank:
for i, k = 1, 2, · · · , m. In contrast, the following S(d k i ) value can be applied to measure the poorness of fit for z i to become the k-th overall rank: After describing the solution process, the feasibility and effectiveness of the proposed methodology were demonstrated via a practical application of the luxury car selection problem. The developed comprehensive disagreement indicators/values and the comprehensive disagreement-based assignment model can produce an intuitively appealing and persuasive result for ranking the overall precedence orders of alternatives in the face of high uncertainty.
B. COMPARATIVE ANALYSIS
This subsection conducts a comparative analysis to evaluate the usefulness and advantages of the proposed MCS-based consensus ranking method. Various studies have investigated MCDA models and methods over the past few decades. The long-established weighted-sum model (WSM) and the technique for order preference by similarity to the ideal solution (TOPSIS) are the most traditionally representative approaches of the scoring and compromising decisionmaking models, respectively. Accordingly, this subsection attempts to compare the proposed approach with the wellknown and widely used WSM and TOPSIS methods.
However, the evaluative strategy that is employed by the WSM and TOPSIS methods is purely a criterion-specific strategy; namely, both methods are based on criterionspecific processing. Hence, WSM and TOPSIS cannot incorporate the precedence rank data with respect to the category-based dimension into their compensatory integration processes. As expected, WSM and TOPSIS leave the central problem of lacking a coherent picture of a mixed choice strategy untouched. To conduct a comparative analysis on a consistent basis, this subsection focuses on the criterionspecific processing task. Figure 6 presents the framework of the reduced luxury car selection problem based on the criterion-specific processing procedure. It is noted that the comparative study aims at addressing a partial problem of luxury car selection and handling evaluation data in the criterion-specific dimension (i.e., the PF importance weight w j and the PF decision matrix P). Furthermore, canonical approaches that are based on WSM or TOPSIS cannot directly address highly uncertain information in the PF decision matrix. Thus, this subsection extends the classical WSM and TOPSIS methods to the PF environment.
For the PF WSM method, let a PF value υ i denote the weighted-sum value of z i ∈ Z (i ∈ {1, 2, · · · , m}) across all criteria c j ∈ C (j ∈ {n + 1, n + 2, · · · , n}); υ i is defined as follows:
Employing the addition and multiplication operations in Definition 3, the weighted-sum value υ i of alternative z i can be calculated via the following formula:
FIGURE 6. The framework of the reduced luxury car selection problem.
Value υ i can measure the overall performance of alternative z i in the criterion-specific dimension of the MCS-based MCDA problem. Nevertheless, it is troublesome to compare all of the υ i values because they are PF information. To address this issue, the weighted-sum score S(υ i ) that is based on the modified score function S in Definition 10 is determined as follows:
where
Next, the ultimate ranking orders of the m alternatives can be determined according to each S(υ i ) value in descending order.
For the PF TOPSIS method, the concepts of the positiveideal solution p * and the negative-ideal solution p # are utilized to conduct anchored judgments in the decision-making process. Recall that p * j and p #j denote the positive-ideal and negative-ideal PF values, respectively, with respect to a criterion c j ∈ C. If only the criterion-specific dimension is considered in the MCS-based MCDA problem, p * and p # can be composed of p * j and p #j , respectively, for all j ∈ {n + 1, n + 2, · · · , n} as follows:
By using the distance measure that is defined in Definition 2, the separation measures ε * i and ε # i of alternative z i from p * and p # , respectively, can be acquired as follows:
, and w j ⊗ p * j = (0, 1). According to the classical TOPSIS procedure, the closeness coefficient CC i of alternative z i is expressed by the following formula:
where 0 ≤ CC i ≤ 1; CC i = 0 and CC i = 1 when p ij = (0, 1) and p ij = (1, 0), respectively, for all j ∈ {n +1, n +2, · · · , n}. The compromise ranking orders of the m alternatives can be obtained according to each CC i value in descending order. As discussed previously, the same MCDA problem was utilized to compare the application results on a consistent basis. Thus, the proposed methodology was employed to address the same data of the PF importance weight w j and the PF decision matrix P in the criterion-specific dimension. Namely, the original luxury car selection problem is reduced to a purely criterion-specific choice task; that is, assume that n = 0 and A = ∅. Based on model [M2], the following The optimal consensus ranking of the five alternatives is z 1 z 5 z 2 z 4 z 3 and the optimal choice is z 1 . Table 3 summarizes the results that were obtained by applying the PF WSM method, the PF TOPSIS method, and the proposed methodology to the reduced luxury car selection problem that is based on criterion-specific processing. The calculated results of the weighted-sum value υ i and the weighted-sum score S(υ i ) for each z i ∈ Z that are yielded by the PF WSM method are listed in the top-left part of this table. The computed results of the separation measures ε * i and ε # i and the closeness coefficient CC i for each z i ∈ Z FIGURE 7. Overall ranks that were yielded by the compared methods for the reduced problem.
that is yielded by the PF TOPSIS method are listed in the top-right part. The goodness of fit for z i to become the k-th overall rank (i.e., the 1 − S(d k i ) value) that is yielded by the proposed methodology is listed in the bottom part of Table 3 . The overall ranks among the five alternatives that are determined by the three comparative methods are compared in Figure 7 , which shows the ultimate ranking, compromise ranking, and consensus ranking that were obtained by the PF WSM method, the PF TOPSIS method, and the proposed method, respectively.
Based on the summary comparison in Table 3 and Figure 7 , the PF WSM method yielded the ultimate ranking result of z 1 z 5 z 3 z 2 z 4 , which is similar to the consensus ranking result (z 1 z 5 z 2 z 4 z 3 ) that was obtained by the proposed method. In particular, the Spearman rank correlation coefficient between the ultimate and consensus rankings is 0.7. By contrast, the PF TOPSIS method produced the compromise ranking result of z 5 z 1 z 3 z 2 z 4 , which differs slightly from the result that was obtained via the proposed method. Moreover, the Spearman rank correlation coefficient between the compromise and consensus rankings is 0.6. Both the PF WSM method and the proposed method obtained the same best choice, namely, z 1 , whereas the PF TOPSIS method generated the best choice of z 5 . Regarding the top two alternatives, a consistent result of z 1 z 5 VOLUME 6, 2018
was determined via the PF WSM method and the proposed method; however, a conflicting result, namely, z 5 z 1 , was acquired by the PF TOPSIS method. For the last three alternatives, the PF WSM and the PF TOPSIS methods produced the same result of z 3 z 2 z 4 . In contrast, the ranking order of z 2 z 4 z 3 that was yielded by the proposed method differs from the results that were obtained via the other two methods. The main differences are present in the outranking relationships between z 2 and z 3 and between z 3 and z 4 .
For the detailed comparisons of z 2 and z 3 with respect to each c j , p 2j and p 3j are known for all j ∈ {4, 5, 6, 7} from the PF decision matrix P in the criterion-specific dimension. A modified score function was employed to facilitate comparisons of the magnitudes of p 2j and p 3j in terms of each c j . First, consider the two most important criteria, namely, c 4 Nevertheless, the PF importance weights, namely, w 6 and w 7 , are smaller than w 4 and w 5 . This implies that z 2 is more likely superior to z 3 (i.e., z 2 z 3 ) because z 2 dominates z 3 with respect to the most important criteria, namely, c 4 and c 5 based on the criterion-specific processing procedure. The proposed method obtained an intuitively reasonable result of z 2 z 3 , whereas the PF WSM and PF TOPSIS methods both rendered the contradictory result of z 3 z 2 .
There are other things to note. In the original luxury car selection problem, the proposed methodology produced the result of z 3 z 2 based on a mixed choice strategy (i.e., a combination of category-based and criterion-specific strategies). As noted, the outranking relationships for z 2 and z 3 in the comparative study are not in agreement with the previous obtained results. The reason for this disagreement is that the comparative analysis has merely investigated a reduced problem involving the criterion-specific processing task. Because of this, the obtained results for the outranking relationship between z 2 and z 3 are incomparable in some way. Namely, the incomparability is attributable to the criterion-specific strategy solely used in the reduced problem. As indicated in Figure 6 , the ignorance of three aspects (i.e., conspicuous value (a 1 ), uniqueness value (a 2 ), and hedonic value (a 3 )) in the category-based dimension would cause changes in some outranking relationships between alternatives. Because the reduced luxury car selection problem is evidently different from the original problem, the obtained results (e.g., the outranking relationship between z 2 and z 3 ) in these two problems are incomparable.
Furthermore, the outranking relationship between z 3 and z 4 was examined via detailed comparisons of p 3j and p 4j for all j ∈ {4, 5, 6, 7}. In a similar way, the following modified score functions were calculated with respect to the two most important criteria, namely, c 4 z 3 ), which is just consistent with the result that is obtained via the proposed method. However, a contradictory result of z 4 ≺ z 3 was obtained via the PF WSM and PF TOPSIS methods. Compared with these two methods, the proposed method is more likely to produce relatively reasonable and believable results for certain outranking relationships between alternatives.
Overall, referring to the comparison results from the PF WSM and PF TOPSIS methods, the proposed MCS-based consensus ranking method can more-accurately discriminate the outranking relationships between z 2 and z 3 and between z 3 and z 4 . In regard to the research findings, the proposed method provides more precise outranking relationships that can distinguish between alternatives (such as the convincing outranking relationship between z 3 and z 4 ). Therefore, the comparison results demonstrate that the proposed method is highly capable of determining more-reasonable and morepersuasive overall ranking orders of alternatives for decision support.
Moreover, the proposed method can concretely underlie category-based and criterion-specific processing in a hybrid evaluative strategy for addressing an MCS-based MCDA problem. This is a distinct advantage of the developed approach. Most MCDA models and methods have been developed according to only a criterion-specific strategy. It is not imperative to solve all MCDA problems with a mixed choice strategy. Nonetheless, consider a situation in which decision makers employ a category-based strategy rather than a criterion-specific strategy. If analysts or researchers still follow a criterion-specific processing procedure to address this MCDA problem, errors might occur, which would lead to a biased solution result and reduce the decision quality. In contrast, the proposed MCS-based consensus ranking method provides a coherent picture of a mixed choice strategy. It permits the use of various choice strategies for flexible treatments and has better adaptability to the particularities of real-life decision situations. More importantly, the proposed method performs well with respect to ease of employment and computational efficiency while still producing results that are reasonable and desirable. The developed techniques are not intended to replace the approaches that use criterionspecific processing. The MCS-based consensus ranking method can be deemed a complement to the current MCDA methodologies.
VI. CONCLUSIONS
In accordance with the essence of decision making, the decision rules that decision makers employ in evaluating alternatives are typically divided into category-based and criterion-specific strategies. A category-based strategy involves comparison of an alternative as a totality rather than individual assessments of specified criteria, whereas a criterion-specific strategy requires the evaluation of each alternative according to specified criteria, after which decision makers decide which alternative to choose. In particular, the determinants of the category-based and criterion-specific strategies depend on the affective-like and cognitive-like manners used when decision makers process applicable information. Simply stated, the affective-like and cognitivelike responses bring about category-based processing and criterion-specific processing, respectively. Such a rationale can effectively facilitate the designation of the category-based dimension with aspects and the criterion-specific dimension with evaluative criteria.
Consider that decision makers do not follow any single rule or strategy in evaluating and choosing from among alternatives, for most decisions. This paper has combined the procedures of category-based processing and criterion-specific processing to concretize a mixed choice strategy in the MCDA formulation. To express the framework of an MCDA problem under consideration, this paper has employed a four-layer hierarchical structure that consists of the overall goal, the category-based and criterion-specific dimensions, the aspects and criteria, and the candidate alternatives. As noted, in the category-based dimension, the aspectwise outranking relationships among alternatives have been identified using a semantic differential scale or a Likert scale. Considering the complexity of PF information in the criterion-specific dimension, this paper has defined a useful measure of PF precedence indices and employed these indices to obtain the criterionwise outranking relationships among alternatives. Incorporating the PF importance weights and the combined precedence ranks, this paper has presented the novel concept of disagreement indicators and established a comprehensive disagreement-based assignment model for solving for the optimal consensus ranking among alternatives. As an application of the proposed methodology, this paper has conducted a real-world case study of a luxury car selection problem for luxury fashion brand consumers. In summary, these application and comparative results contribute to the examination of the practicality and effectiveness of the proposed methodology. The outcomes of solving the luxury car selection problem demonstrate the feasibility and applicability of the MCS-based consensus ranking method. The comparative analysis helps explain the advantages of the developed approach beyond those in the MCDA field.
Compared with the previously published literature on MCDA approaches, the novelty of this work is completely driven by the essence of decision making (namely, the coexistence of category-based processing and criterion-specific processing) within a decision environment that involves complex PF uncertainty. Criterion-specific choice requires knowledge of specific criteria at the time the choice is made and involves criterion-by-criterion comparisons across alternatives. Category-based strategies involve the use of general attitudes, summary impressions, intuitions, heuristics, or combinations of these. In practice, decision makers are likely to use a combination of processes rather than a single integration strategy in many problem-solving situations. The range of decision tasks that are category-based processing or mixed rather than purely criterion-specific processing is broad. Although research on category-based processing and judgments should be highly pertinent to the present concerns, its implications for category-based and mixed choice are not entirely straightforward. Different from the existing MCDA techniques, the proposed MCS-based consensus ranking method fully takes into account the hybrid influences of category-based strategies and criterion-specific strategies and establishes an appropriate framework for representing MCS-based MCDA problems. The real-world case study and the comparative analysis also demonstrate the efficiency and reliability of the developed approach in practice.
In conclusion, the proposed methodology has potential value for researchers who are interested in investigating an MCS-based MCDA problem that involves highly vague or imprecise information. From a practical standpoint, the more comprehensive measurements of PF precedence indices and disagreement indicators provide useful inspiration and guidance for effective decision aiding and support. This is particularly beneficial when performing hybrid category-based and criterion-specific choice tasks via the developed comprehensive disagreement-based assignment model for identifying a consensus ranking and managing complex uncertainty in real-world situations. This paper makes creative contributions to the existing models and techniques in the MCDA field. More specifically, the advantages and innovative points of the proposed methodology in theory and practice include the following: (i) combination of category-based processing and criterionspecific processing in evaluative strategies, (ii) concretization of a mixed choice strategy in formulating MCDA problems, (iii) representation of highly uncertain information based on PF sets, (iv) establishment of a useful measure of PF precedence indices for criterionwise outranking relationships, (v) construction of (comprehensive) disagreement indicators based on aspectwise and criterionwise outranking relationships, and (vi) development of an MCS-based consensus ranking method for optimal compromise ranking.
VII. IMPLICATIONS AND FUTURE RESEARCH
The MCS-based consensus ranking method provides a concretization of a mixed choice strategy for addressing MCDA problems in a coherent manner. Most current MCDA methods belong to the category of criterion-specific processing methods. In practice, criterion-specific processing is required when a new alternative is introduced or when decision makers VOLUME 6, 2018 go through a more extensive process of comparing alternatives. Criterion-specific processing is more likely to be used when the decision maker is involved with the alternative specification process and is knowledgeable about all candidate alternatives. Nevertheless, decision makers' prior choices in many similar MCDA problems has led to the formation of evaluations that are stored in memory, even though their previous decision-making processes are based on a criterionspecific strategy.
More specifically, if the relevant evaluations are retrieved during the internal search, then each can be compared to determine which considered alternative is most preferred. Decision makers' ability to use this decision strategy depends on pre-existing evaluations, which may be based on prior choices and decision-making experiences with an MCDA problem. At other times, they may be based on indirect or secondhand experiences, such as the impressions they might form after hearing the members in their social network (e.g., peer groups) appraising an alternative action. Thus, decision makers already store judgments or beliefs in memory about the performance of the choice alternatives that are under consideration in many real-world cases. The ability to retrieve this information may strongly affect which alternative is eventually chosen.
Decision makers who lack such stored knowledge will need to rely on external information in forming beliefs about an alternative's performance. In many circumstances, decision makers may be unable or unwilling to rely on their pre-existing evaluations for making a choice. Inexperienced decision makers who are making a first-time decision will typically lack pre-existing evaluations. Even experienced decision makers with pre-existing evaluations may elect not to use these evaluations. Consider an automobile evaluation problem as an example: After decades of purchasing and driving automobiles, many elderly decision makers are likely to hold strong feelings about various automobile manufacturers. Nonetheless, if considerable time has elapsed since they made their purchase, they may question whether they are adequately informed about today's offerings in the marketplace.
The preceding discussion makes it clear that decision makers do not seem to follow any single rule or strategy in evaluating and choosing from among alternatives. A criterion-specific strategy requires that each alternative is decomposed into distinct criteria, each of which is evaluated separately from the whole. Conversely, a categorybased strategy involves evaluation of each alternative as a totality with respect to an aspect. There is a need for handling category-based and criterion-specific evaluations in different ways because of distinct processing procedures. More importantly, a combination of category-based and criterion-specific strategies, as investigated by the proposed methodology, is practically a necessity in managing MCDA problems.
In future research, the determination of PF precedence indices for the category-based dimension using a domainspecific scale (e.g., a scale for measuring perceptions of brand luxury) and the exploration of more-powerful comparison indices for acquiring outranking relationships under complex uncertainty are two important and interesting issues to be addressed. One suggestion for a further extension is to empirically compare the influences of incorporating various multidimensional brand luxury index scales into the identification of PF precedence indices. In addition, research on developing additional comparison indices must be carried out to more effectively determine the outranking relationships among alternatives within a highly complex environment. Moreover, the proposed methodology can be further extended to decision environments that involve other types of complex numbers. Yager [27] and Yager and Abbasov [29] investigated the relationship between Pythagorean membership degrees (i.e., PF values) and complex numbers. They indicated that PF values can be considered as a subclass of complex numbers, namely, −i numbers. Thus, another possible direction for future research is to focus on the extension of the MCS-based consensus ranking method based on −i numbers.
APPENDIX

A. PROOF OF REMARK 1
From Definition 2, the distances between p ij and p * j and between p ij and p #j are measured as follows:
Applying Definition 5, it follows that:
This completes the proof. Thus, d is a PF value. This completes the proof.
F. PROOF OF THEOREM 5
The proofs of (T5.2)-(T5.5) are trivial. (T5.1) According to 0 ≤ δ ≤ 1, 0 ≤ σ ≤ 1, and 0 ≤ δ 2 + σ 2 ≤ 1, it can be inferred that δ 2 − σ 2 ≤ δ 2 ≤ 1 and δ 2 − σ 2 ≥ −σ 2 ≥ −1. Therefore, it is easy to conclude that 0 ≤ S(d) ≤ 1 because −1 ≤ δ 2 − σ 2 ≤ 1. This completes the proof.
G. PROOF OF REMARK 2
It is easy to see that: This completes the proof.
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